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An iterative scheme is given to obtain the approximate solution of a class of 
quasi variational inequalities. It is shown that the approximate solution obtained 
by the iterative scheme converges strongly in the Hilbert space to the exact 
solution. As a special case, we obtain the corresponding iterative scheme for 
variational inequalities. 1 1985 Academic Press, Inc 
1. INTRODUCTION 
The theory of variational inequalities has become a rich source of 
inspiration in both mathematical and engineering sciences. Variational 
inequalities are an effective tool in studying the existence of solutions of 
constrained problems arising in mechanics, optimization and control, 
operations research, engineering sciences, etc. Variational inequalities have 
been extended and generalized to study a wide class of problems in many 
different fields. In a variational inequality formulation, the convex set does 
not depend upon the solution. If the convex set does depend upon the 
solution, then a problem in this class of variational inequalities is called a 
quasi variational inequality. These were introduced and studied by 
Benousan and Lions [ 11. Also see Baiocchi and Cape110 [2] for further 
applications of quasi variational inequalities. 
There is already in the literature a substantial number of algorithms for 
finding the numerical solutions of variational inequalities, see [3-81. 
Among the most effective numerical techniques is the projection method. 
On the other hand, there is no such method for finding the numerical 
solution of quasi variational inequalities, though there are number of 
iterative methods, see Capuzo Docetta and Mosco [3] for full details. 
In this paper, we introduce and study an iterative scheme for finding the 
numerical solution of a class of quasi variational inequalities. This iterative 
scheme contains as a special case the well-known projection methods for 
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variational inequalities (see Noor [9] and Glowinski, Lions and 
Tremolieres [4]). The convergence of the approximate solution to the 
exact solution is also proved. 
2. PRELIMINARIES 
Let H be a real Hilbert space with its dual H’, whose inner product and 
norm are denoted by ( ., . ) and I/. I), respectively. Let K be a closed convex 
set in H. If a(u, u) is a coercive, continuous bilinear form on H, that is, 
there exist constants c(> 0 and b>O such that 
44 U)~41~l12 for all u E H, (2.1) 
) 
and 
4% 0) G D /lull Ilull for all U, u E H, (2.2 
then, for given f E H’, there exists a unique solution u E K satisfying 
a(u,u-u)3 (A u-u), for all UE K, (2.3 
where (f, v) denotes the pairing between ,fE H’ and u E H. The inequality 
(2.3) is known as a variational inequality. It has been shown by many 
authors, including Noor and Noor [6, 71, Sibony [S] and Glowinski et al. 
[4] that UE K satisfying (2.3) can be obtained from the iterative scheme 
U,z+l =PK(~,,-P~(T4,-f‘))~ (2.4) 
where P, is a projection of H into K, p > 0 is a constant, A is defined by 
(2.8), and 
u(u, v)= (Tu, v> for all v E H, (2.5) 
by the Riesz-Frechet theorem. From (2.2) and (2.5), it follows that /I TJI G ji’ 
(see Noor [lo]). 
If the convex set K depends upon the function U, then the inequality (2.3) 
becomes a quasi variational inequality. More precisely, given a point-to-set 
mapping K from H into H’, the quasi variational inequality problem is to 
find u E K(u) such that 
u(u, u-u)> (“6 v-u), for all u E K(u). 
In many important applications, the set K(u) is of the form 
(2.6) 
K(u) = m(u) + K, (2.7) 
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where m is a point-to-point mapping and K is a closed convex set, see 
c2, 51. 
It is natural to extend the iterative scheme of type (2.4) to compute the 
approximate solution of the quasi variational inequality (2.6), which is the 
main motivation of this paper. 
Finally, we also define ,4, a canonical isomorphism from H’ onto H, by 
CL u> = (/?f, 01, for all u E H, f~ H’. (2.8) 
Then IlAll,.= j(APIJIH= 1. 
3. MAIN RESULTS 
In order to prove the main results of this paper, we need the following 
standard results (see Noor [lo]). 
LEMMA 3.1. Given z E H, u E K satisfies 
(u-z, u-u)>,O, for all v E K, 
if and only if 
l4 = P,z, 
where PK is the projection of H into K. 
(3.1) 
(3.2) 
LEMMA 3.2. P, defined by (3.2) is non-expansive, that is, 
IIPKu-PKd G Ilu--u/I, for all u, v E H. 
Remark 3.1. If K(U) is of type (2.7), then for any two functions u and u, 
PKCuIu = m(u) + P,(u - m(u)). (3.3) 
This fact will play an important part for finding the iterative scheme for 
computing the numerical solution of quasi variational inequalities. 
We now state and prove the main results of this paper. The first is a 
generalization of a result of Noor and Noor [6,7]. 
THEOREM 3.1. For K given by (2.7), u E K(u) satisfies (2.6) if and only if 
u=m(u)+P,(u-pn(Tu-f)), (3.4) 
where m is a point-to-point mapping and p > 0 is a positive constant. 
Proof. Suppose that u E K(U) satisfies (2.6), then by (2.5) and (2.8), this 
is equivalent to finding ZJ E K(U) such that 
(A(Tu-f), u-u)>O, for all u E K(u), 
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which can be written as 
(Ll-(u-pA(Tu-)), L’-u)>O, 
for some positive constant p. 
Now by invoking Lemma 3.1, the problem of finding UE K(u) satisfying 
(2.6) is equivalent to finding u E K(u) such that 
u = PK(,,(U - PA(TU -f)) 
= m(u) + P,(u - pA( Tu -f) - m(u)), 
by (3.3), which is the required result. 
Remark 3.2. Theorem 3.1 enables us to find the solution UE K(u) 
satisfying (2.6) by the following iterative scheme: 
u n+ L =m(u,) + P,(u,-P~(%, -f)-m(d), 
for some positive constant p. 
(3.5) 
In the next theorem, we show that the approximate solution obtained 
from the iterative scheme (3.5) does converge strongly to U, the exact 
solution of (2.6), under certain conditions on the constant p. 
THEOREM 3.2. Let m be Lipschitz continuous with constant y and K be a 
non-empty closed convex set in H. If a(u, v) is a coercive, continuous bilinear 
form on H, u and u, + , are solutions of (2.6) and (3.5), respectively, then 
u,,+ , converges to u strongly in H, 
for 0 < p < (LY + JCX’ - 4p2(y - y’))/p’, LX > 28 Jm and y ,< i. 
ProoJ: From Theorem 3.1, we know that u E K(u) satisfying (2.6) is also 
a solution of (3.4) and conversely. Thus from (3.4) and (3.5), we obtain 
u,~+, - u = m(u,) -m(u) + P,(u, - ~4% -f) - m(u,)) 
- PK(u-pA(Tu-f)-m(u)). 
Hence by using Lemma 3.2, we get 
IIU n+l-~Il G Il~4u,,)-m(u)ll + Ilu,-u-pA(Tu,,- Tu)+m(u,)-m(u)ll 
G2 Ilm(u,)-m(u)ll + lIu,-u- PA(Tu,- Tu)ll 
GUY I/u,,--II + IIu,-u-pA(Tu,- Tu)ll, (3.6) 
by the Lipschitz continuity of m. 
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Now from (2.1), (2.2) and (2.5), we get the following inequality: 
Il~,-~-P~(~~,- W12G I14+412+P2 lIU2 llk+412 
- 2pa(u, - u, u, - 24) 
<(l +p2P2-2ap) IIu,-ulJ2. 
From (3.6) and (3.7), it follows that 
(3.7) 
lb n+l-41 G( (1 +p2B2-W+214 Ilk--II =8 ll%7-4, 
where e={ (1+p2/?‘-2ap)+2y}<l for O<p<(a+ ~~-4fl’(y-y~))/ 
P2, a > 28(m), and y < $. 
Since 0 < 1, it follows from the fixed point theorem that U, converges 
strongly to u in H. We also note that Theorem 3.2 shows the existence of a 
unique solution of (2.6). 
From Theorem 3.2, we get a natural algorithm for computing the 
approximate solution of (2.6) as follows: 
(i) u E K(u) is given, 
(ii) %I+ 1= m(%l) + PA&l - P4Rl -f) - m(u,)h 
where p is required to satisfy the following conditions: 
0 -=c p < (c( + Ja’ - 4P2(y - y’))/P’, 
a>VJw2 and 1 y<-f. 
Remark 3.3. We note that when K(u) is independent of u, that is, 
K(u) = K, which implies that the point-to-point mapping is zero, then the 
Lipschitz constant y is zero and Theorem 3.1 and Theorem 3.2 are exactly 
the same as proved in [6,7,9]. 
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